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Abstract 
An analytical model is presented for predicting complete shear load-deformation response of reinforced or prestressed
concrete sections taking into account the concrete confinement. This model is based on the equilibrium, compatibility equations 
and stress-strain relationships which are formulated in term of average stresses and average strains. According to the assumption 
of smeared cracks. This model is able to analyze sections having unusual forms or reinforcing details, loaded in combined 
bending, axial load and shear. In the case of the confined concrete, a stress-strain relation of confined concrete is proposed. In 
this case, for the purpose of investigating confinement effect, an effectively confined ratio was introduced and the effects 
according to concrete compressive strength. Predictions of the model are compared with several calculated unconfined reinforced 
or prestressed beams and are shown to estimate the effect of the confinement on the shear stiffness of the sections in the case of 
the elastic linear domain, after concrete cracking and after reinforcement yielding.  
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1. Introduction 
From that time, many researchers have developed truss model able to determinate the global behavior of 
reinforced or prestressed concrete beams subjected to shear loading. Several of such models are based on the 
Modified Compression Field Theory (MCFT)  Baby et al (2013), Vechio et Collins (1986,1988), Kachi et al (2006).  
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In the present paper, the model developed by Kachi et al (2006), using equilibrium and compatibility equations, for 
determine the global behaviour of reinforced concrete beams, subjected to shear, binding moment and axial load, is 
used for analyze the global behaviour of the unconfined and confined reinforced concrete beams, in order to 
simulate the influence of the confinement on the reinforced concrete beams behaviour subjected to shear loading.  
 
Nomenclature 
fc0   :  Compressive strength of unconfined concrete.                             'Gu : increments of axial strain      
ke    : Effective confinement coefficient.                                                'Gw : increments of curvature 
Es     : The slope of the descending curve                                                'Jmoy : increments of the mean distortion. 
Hc0    :  Unconfined concrete strain corresponding to the peak stress     'M : increments of the binding moment. 
Hcc0   :  Confined concrete strain compounding to the peak stress         'N   : increments of the axial load. 
Hccu   :  Confined concrete ultimate strain                                              'V   : increments of the shear force. 
Hc      :  Confined concrete strain                                                            σc1   : principal tensile stress 
ε65     : The strain corresponding to the stress equal 0.65fcc.                   σc2   : principle compressive stress 
Ebc    :  Initial confined concrete Young modulus                                  H1   :  principal tensile strain 
Vcc    :  Confined concrete stress                                                            H2    :  principal tensile strain 
Fey     :  Yield strength of lateral ties.                                                       'Wi  :  Increments of the shear stress 
sF
G'  :  the increment of exterior forces                                               sP
G'   : contains the initial prestress-action 
[ks ] : the section stiffness matrix                                                           Eai    :  steel modulus 
ρai  : ratio of transversal reinforcement                                        W    : shear stresses 
 bi   :    Base width of the layer I                                                            hi    : High of the layer i  
T   :  Inclination of the compressive principal stress                   fc     :    Concrete compressive strength 
Us      :  Volumetric ration of circular ties.                                             G'  :  the increment of section strains  
Ux      :  Volumetric ration of ties on x direction.                                   Uy      :  Volumetric ration of ties on y direction. 
2. General hypothesis 
The transverse section of the beam is decomposed into horizontal layers (see figure 2). The deformation of the 
section follows Bernoulli’s principle. The normal deformation of a section is given by: 
  
 Hx(y) =  Gu + Gw.y                                                                                                                                                        (1) 
3. Constitutive laws of materials 
3.1 Concrete constitutive low 
For unconfined concrete we use the Sargin stress-strain relationship given in Annex 1 of BPEL rules (1999), 
which involves strength fc and the corresponding strain H b0. In this case, the stresses are given by:  
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For a normal concrete, it generally takes k'b = kb - 1 
For confined concrete, the maximum strength fcc and corresponding strain 0 ccH were computed as Mander and al 
(1988):  
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The stress-strain relationship based on the Sargin relationship proposed by Bouafia et al (2010) figure (1) is adopted:   
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These two relationships are transformed for describing the concrete behavior in the principal directions d1 and 
d2. The maximal concrete strain is changed according to the proposed by Vecchio and Collins (1988) as a function 
of the relationship strains H1, but merely the fc2 / fc report: 
        With             0.7 d  d 1                                                                                               (7) 
The concrete tension stress–strain relationship in the d1direction assumed is the Belarbi and Hsu relationship [4] :              
                                                                      
x  V =  Ec0 . H                                              Where             ¨H ¨    Hct                                                 
x                                     Where            ¨Hct ¨ H   ¨Hrt ¨                                                                                   (8)         
 x Vt  =  0                                      Where            ¨H ¨ ! Hrt                                                       
3.2 Reinforcement constitutive law 
The behavior of reinforcing steel and prestressing steel are characterized by types allowed by the 1999 rules BPEL 
relationships:  
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Fig 1: Stress-strain curve for the confined concrete 
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4. Equilibrium of the section 
The normal deformation of a section is given by Hx(y) =  Gu + Gw.y and its transverse deformation (or distortion) 
is defined by Jmoy. The contribution of this deformation is taken into account by a non linear approach. In the case of 
an internal prestressed tendon it is necessary to take into account the “predeformation” in the cable. This 
predeformation represents the difference between the deformation of the tendon and that of the concrete at the same 
level, at the initial tensioning. 
 
The deformation increase vector of the section is given by (Eq.9): 
^ T`moywu  JGGG ''' ' G                                (9) 
The equilibrium equation of the section in the intrinsic system is given by:  
  K  P  F sss G
GGG ' ''                                             (10)  
This equation is solved by an iterative method. Its solution may be written as (Eq.11): 
^ `  P  F   K      ss-1s GGG '''G                                                                                                                                  (11) 
The expression of the stiffness matrix [Ks] of the section is then written as (Eq.12): 
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In (Eq.12), 'N, the axial load increase; 'M, the bending moment increase; and 'V, the shear force increase. 
In the expression adopted for [Ks] the shearing modulus G = f(E) is not assumed to be constant as in linear 
elasticity but is taken as a function of the shear variation. Indeed, the coupling terms between 'N and 'Gw and those 
between 'M and 'Gu cannot be ignored in flexural analysis. But we assume that the coupling terms between 'N and 
'Jmoy (or 'V and 'Gu), and between 'M and 'Jmoy (or 'V and 'Gw), are negligible. The couplings mentioned in the 
introduction between the strength due to V and those due to (N,M) may be taken into account by the dependence of 
'Jmoy on stresses and strains due to N and M. For the prestressed beams, the matrix [Ks] is completed by the terms 
due to the prestress effect in flexural equilibrium and by a balancing of one part of shear by the transverse 
component of the force in the inclined cables. The flexural terms ('N/'Gu, 'N/'Gw, 'M/'Gu and 'M/'Gw) are 
evaluated by classical methods. For the evaluation of the shear terms ('V/'Jmoy), a method is proposed. In this way, 
the problem is reduced to the evaluation of the middle distortion Jmoy of transverse sections submitted to combined 
bending moment, normal load and shear. In this field, using the virtual work theorem, we use the equality of the 
external shear work to the internal shear work evaluated in each layer: 
¦ m
1
ie ww ''  
In this expression, 'We is the external shear work, and 'Wi  is the work of internal shear evaluated in each layer, the 
expression of which may be written as: 
'We =  'V . 'Jmoy       and         'Wi  = bi . hi . 'Wi . 'Ji 
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Finally the mean distortion of the section is given by (Eq.13):  
¦ ' J'W' J'
m
1
iiii
moy V
 h b                                                                                                                                             (13) 
Where 'Wi is the shear stress increase evaluated at the layer i. It is determined by analysing for each section S1 of the 
beam loaded by an axial load N1, bending moment M1 and shear V1, a second section S2 of the beam, loaded by ( N2 
= N1 , M2 = M1 – s V1 , V2 = V1), located at a small distance s from the first. Both sections are analyzed for the same 
shear stress distribution, satisfying sectional equilibrium in each case.  The value of the shear stress in the layer i is 
obtained by solving the free-body equilibrium of the layer i between the two sections. The local distortion increase 
'Ji is determined at each layer by solving a complex system of equations, namely equilibrium equations, 
compatibility equations and constitutive laws of the materials. It is worth to note that one uses an iterative technique 
to find the angle of inclination of the diagonal compression based on stress and strain Mohr’s circles properties. A 
more detailed description of the solution procedure for the determination of these parameters may be found in Kachi 
et al. (2006). 
4.2. Equilibrium equations 
The three equilibrium equations of the truss model show that the stresses in the concrete satisfy Mohr’s stress 
circle. Assuming that the steel bars can resist only axial stresses, and then the superposition of the concrete stress 
and the steel stress are given by:  
Vx = Vc1 sin2 Tc + Vc2 cos2 Tc + Ux fex                                                                                                                           (14)  
Vy = Vc1 cos2 Tc + Vb2 sin2 Tc  + Uy fey                                                                                                                         (15) 
W =(Vc1- Vc2) sin Tc cos Tc                                                                                                                                            (16) 
We assume the coincidence of the principle direction of the stresses and the principle direction of the strains ; 
Tb = T    
4.3 Compatibility equations 
Having assumed that the reinforcement is anchored to the concrete, any change in the concrete strain will be 
accompanied by an equal change in steel strain. If the three strains components H1 , H2 and Jxy are known, then the 
strain in any direction can be found from the Mohr’s circle geometry as:   
Hx = H1 sin2 T + H2 cos2 T                                                                                                                                             (17) 
Hy = H1 cos2 T + H2 sin2 T                                                                                                                                             (18) 
Jxy = 2 (H1 - H2) sin T cos T                                                                                                                                          (19) 
The direction D2 is also the cracks, at least at first cracking. When the stresses grow, this direction may deviate 
from the initial cracks, which is physically admissible due to shear stresses transmitted by engagement lip cracks. 
This also corresponds to the concept of variable inclination of Eurocode 2 (1992), section 4.3.2.4.4 rods Shear - 
Method rods of variable inclination. 
5. Results and discussion 
The model was used to simulate the behavior of several different beam sections in the case of the pure shear 
tested in tby researchers at the University of Toronto (Vecchio et Collins, 1982 and 1988). The beams have a cross 
or solid rectangular hollow section. They are made of reinforced or prestressed concrete. For the confined concrete, 
we have calculated this beams for an coefficient of the confinement ke equal to 0,7. The geometric characteristics 
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and properties of the different materials are given in Table 1. 
     Table 1. The geometric characteristics and properties of the different materials. 
 
Beam 
Dimensions Concrete Transversale reinforcement 
Longitudinale 
reinforcement Prestress steel 
EXT 
mm 
INT 
mm 
fc 
MPa 
Hc0 
10-3 
Barres  
I  (mm) 
st 
mm 
fe 
Mpa 
Nb.x I 
(mm) 
fe 
Mpa 
Ap 
mm2 
fpe 
Mpa 
'Hp 
10-3 
 
SA3 
 
305x610 
 
152x406 
 
40.0 
 
2.8 
 
9.5 
 
72 
 
373 
12 x 29 
4 x 22 
345 
462 
_ 
 
_ 
 
_ 
SK3 305x610 - 28.2 2.2 9.5 100 400 8 x 25 442 _ _ _ 
SK1 305x610 - 26.9 2.25 9.5 100 400 8 x 25 442 1540 1450 4.82 
SK2 305x610 121x381 26.9 2.25 9.5 100 400 8 x 25 442 1540 1450 4.82 
 
The figure (3) shows the comparison of the calculated values in pure shear of the confined and unconfined 
concrete in the case of the reinforced concrete. The figure (4) shows the comparison of the calculated values in pure 
shear of the confined and unconfined concrete in the case of the reinforced and presetressed concrete.  
 
        
                                   SK3                                                                                            SA4 
Fig 3: Shear force – Shear strain curve for the confined and unconfined reinforced concrete. 
          
                                       SK2                                                                                             SK1 
Fig 4: Shear force – Shear strain curve for the confined and unconfined reinforced and prestressed concrete. 
  
We can see that in the case of the reinforced concrete, the shear terms of stiffness ('V/'Jmoy) is practically the 
same for the confined and unconfined concrete in each stage of the behavior. However, after yielding of the steel 
there is a small increase in the shear stiffness in the case of the confined concrete. The strain and the ultimate value 
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of the shear at the fracture are increased by the confinement. In the figure (4 ), we can see that in the case of the 
prestressed concrete, the confinement increase the shear stiffness at each stage of the behavior ( before concrete 
failure, before steel yielding and before concrete fracture) significantly, because, the prestress mobilizes the high 
compressive stresses. Equally, the strain and the ultimate value of the shear at the fracture are increased by the 
confinement. 
6. Conclusion   
The analytical model presented is based on multilayer analytical sections. The global equilibrium of sections is 
analyzed under the assumption of flatness longitudinal strain but. The model introduces a diagonal term nonlinear 
shear stiffness matrix in the section stiffness to predict the global behavior until fracture in combined bending , shear 
and axial load for sections the with variable details and reinforcement , including an internal prestress. The 
confinement of concrete is efficient to increase the strain and the ultimate value of the shear at the fracture and the 
shear stiffness where the high compressive stresses are mobilized. However,   several calculations are necessary to 
determine the optimum rate of confinement necessary in the case of bending shear to determine the mode and rate of 
containment structures particularly sensitive to the effect of shear. 
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